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1. Which of the following transformations are linear?

(i) R2 - R, (g) 4 2y (v) R2 — R?, @") — (z i 1)
(i) R? > R, (”5) = x4 1 (vi) R’ R, (;c) n (5;232)
(iii) R? - R, (i) > y (i) Po(R) = R,  p(z) = p(1)
(iv) C—>C, z+—7z (viii) P,(R) = P,2(R), p(x)— z?p(x)

2. (a) Let T : R® — R3 be the linear transformation defined by the formula

x T —y
Ty |=| 2+2y—=z
z 20 +y+=z

Find the matrix of T" with respect to the usual basis for R3.
(b) Let n € Nand T": P,(R) — P,(R) be the linear transformation defined by

(T(p))(x) = p(z + 1).

Find the matrix of T" with respect to the usual basis for P, (R).

(c) Let T : R?*2 — R?*2 pe the linear transformation defined by the formula

a b a 2b
T(c d):(3c 4d>'

Find the matrix of T with respect to the usual basis for R?*2.



3. The matrix of the linear transformation 7' : R? — R? with respect to the usual basis for
R3 is

ja=)
—_
—_

A= 1
1

i)
O =

Find the matrix of T" with respect to the basis

1 -2 1
o1, 1 | -1
1 1 1
for R3.
X
[Hint: Use the matrix A to find a formula for T'| y | .]
z

4. (a) Let U, V, W be vector spaces over a field K and S : U — V, T : V — W be
isomorphisms. Prove that S™':V — U and To S : U — W are also isomorphisms.

(b) Let M be the set of all vector spaces over a field K. Prove that the formula
V~W & Ve=Ww
defines an equivalence relation on M.

(c) Let V and W be two finite-dimensional, isomorphic vector spaces over a field K. Prove
that dim V' = dim .

[Hint: Let {e1,...,e,} be a basis for Vand T': V. — W be an isomorphism. Prove that
{T(e1),...,T(ey)} is a basis for W]



